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o Exceptions: Integrable models
o Gibbs Ensemble, Generalized Gibbs Ensemble

o Exact solutions in integrable models
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Setting the stage

Equilibration after global quenches

@ The models: 1D spin chains given by a local Hamiltonian H
o Initial state: |Wo)
o Ground state of a local Hamiltonian Hp
o States prepared according to simple (local) rules
Examples:
Wo) = IN) = &5 I11)
or
/2 =i
V2

o Satisfies the cluster decomposition principle for local operators:

[Wo) = |D) = &2

Jim (Wo|O(y)O(x + y)|Wo) = (Wo| O[Wo)?

o Question: If [W(t)) = e~ ™t|Wy), then for O local operators

Jlim (W(©]O(e) =777
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Thermalization

Time dependence of local observables:

(O(t)) = Z (Wo|n){(n|O|m)(m|Wy)etEn—En)

n,m

Long-time limit, diagonal ensemble:

lim 1/ dt’ (O(t) = Z|c,,| (lOlnY, = (Woln)

t—oo t

When can we speak about thermalization?
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Thermalization

Canonical ensemble:
e—H/T

(O)r = Tr[Op¢] PG = 37 o—H/T

Thermalization happens if

lim % /0 dt’ (O()) = Tr[Ope]

T is fixed from
(Wo|H|Wo) = Tr[Hpg]

Find T from the initial state and make predictions!

Only one T for all local observables!
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Eigenstate Thermalisation Hypothesis (ETH): (W|O|V) = f(E/L)

DE = GE
> leal?(n|O|n) = Tr[Op]

n

Unrelated weights, but the same energy density!

CDP:

DE (Wl H2W) — (WolHIW)? 1

= ~

L L
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Integrable models

Definition?
o Exactly solvable
o Bethe Ansatz solvable (XXX Heisenberg spin chain)
o Existence of a set of higher charges

XXZ Hamiltonian:

L

H = Z(Gfaﬁrl + 0’}’0’}’+1 + A(UfJerl — 1))
=1

Example for a new charge: (at A = 1)

L
Q3 = Z oj - (0j11 X 0j12)

Jj=1



Quench from the Néel state, A =3

[Wo) = [T ..)

iTEBD simulation, Miklés Werner
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Higher conserved charges: {Q;}, such that

[QJ7 Qk] =0

They are extensive: |Q;| ~ L
He{Q}

In a finite chain: number of operators grows polynomially with L.
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The Generalized Gibbs Ensemble:

e LiNQ
(0) ¢ee = Tr[Opeae] PGGE = T an G

lim 1/t dt’ (O(t")) 7 Tr[Opeeel

t—oo t 0
M. Rigol et. al., Phys. Rev. Lett. 98, 050405 (2007)

Lagrange multipliers are fixed from

(Wo|Qj|Wo) = Tr[Qj peee] Jj=1...00

Find them and make predictions!

Problems: Infinite number of operators, norm, locality, etc.



Quench from the Néel state, A =3

[Wo) = [T ..)

iTEBD simulation, Miklés Werner
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Generalized Eigenstate Thermalisation Hypothesis: (V|A|W) = A({Q;/L})
A. C. Cassidy et. al., Phys. Rev. Lett. 106, 140405 (2011)

DE = GGE

-2 NQ
Z |ca?(n|O|n) ~ Tr e—JO]

n

V4

CDP:

AQ (VoI @IWo) — (WolQIWo)® g
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L
H:Z(UJ+1+U J+1)
Jj=1

Solution: Jordan Wigner transformation.

. j—1 _+ _— . j—1 4+ —
CJT — e”TZJk:1 oo, Uj_ G = e_”TEJk=1 oL o, Uj_

We get the fermionic relations:
{gra}={c.cf} =0 {d,a}=0u
Hamiltonian is written as H = 3", 4 &1 &, where
L

L
1 ikj T ~ 1 —ikj
= — ec! &= — e Mg
\/ZJ_Z]- J k \/ZZ J

j=1



Charges: Qr = fix = ET
GGE:

— — S Aid
peGE = — e ok Mk
V4
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States in the TDL: Given by density n(k).



Charges: Qr = fix = C}:Ek
GGE:

1

_ — > Nkfik
GGE = S €
p Z

States in the TDL: Given by density n(k).

GETH: In the TDL the mean values of local operators can be expressed
using n(k) only (Wick theorem).

Example:

(Ny Ny) = /dkl/& n(ky)n(ky)(1 4 cos(ky — k»))
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@ In the thermal case we would have )\, =

1a
Z
K
T

- Zk S‘kﬁ

k
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What are the properties of this GGE? pgge = %e‘ 2 A

=
T
@ Mode dependent temperatures (completely fixed by the initial state)

@ In the thermal case we would have )\, =

o Measured by experiment! Experimental observation of a generalized
Gibbs ensemble, T. Langen et. al., Science 348 (2015) 207-211

o Highly non-local!

@ Number of parameters grows linearly with the volume: still predictive!

Partial solution to the locality problem: New basis for the charges.

L

Q = 2cos(jk)iix = > (cfeij+ cc.)
k

=1

A local GGE?

1 _ 0:
PGGE=2e 209



1 n
p(GrgE = Ee_ 27N

For local observables the limit exists:
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At every n the ensemble is local, and

lim (O(6)) = lim Tr [pZ0]
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1 n
p(GnC);E = Ee_ 27N

For local observables the limit exists:
(O)gee = nll[‘go Tr [P(Gnc);EO]
At every n the ensemble is local, and

. o (n) }
Jim (O(t)) = lim Tr [p2e0
Role of locality: most local observables converge most quickly

M. Fagotti, F. Essler, Phys. Rev. B 87, 245107 (2013)
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Interacting XXZ model

L

H= Z(UJ)-(UJ)-(+1 +0/0/ 4 + cosh(n)(ofof; — 1))
=t



Interacting XXZ model

Z( 01 + 0oy +cosh(n)(ofofy — 1))

@ Solvable by the Bethe Ansatz: two-particle reducible scattering

i» _ sinh(A+in/2)
~ sinh(\ — in/2)

Sinh()\]_ — )\2 — IT])
sinh(>\1 — Ao+ I’I])

S(A1, ) =



Interacting XXZ model

L
H= Z(aj‘ajﬁ_l +0/0/ 4 + cosh(n)(ofof; — 1))
=1

@ Solvable by the Bethe Ansatz: two-particle reducible scattering

_sinh(A +in/2) sinh(A1 — X2 — in)
~ sinh(\ — in/2) sinh(A — X2 + i)
@ Spin waves can form bound states: so-called strings

ip

S(A1, ) =

X
X n

X X

X X
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o Physical picture: bound states — different particles
o In the TDL: densities for the k-strings pk())
o GETH: (W|O|V) = O({p«(p)})

M. Mestyan and B.P., J. Stat. Mech. (2014) P09020

o GGE can be built using non-local operators whose eigenvalues are the
densities:

Pr(u)[V) = pi(u)|W)

E. llievski et. al, Phys. Rev. B 95, 115128 (2017)

@ Truncated GGE can be built using local and quasi-local charges with
increasing range

E. Vernier, B.P., arXiv:1703.09516
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L
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Quasi-local, quasi-conserved operators Qs j with s,j =1...00
Operator norm: |Qs ;|2 ~ L

L
64
Qi~) [51'51+2 + 2525 Sis+ 585 Sia)(Sp2 - Sjvs)—
Jj=1

44
— g (5 Si2) (S - Sj3) = g7 (S Sjva)(Sja - Sj2) | + -

These charges are important. Without them the GGE does not give good
predictions.

B. Wouters et. al., Phys. Rev. Lett. 113 (2014), 117202
B. P. et. al., Phys. Rev. Lett. 113 (2014) 117203
E. llievski et. al., Phys. Rev. Lett. 115 (2015), 157201



Quench from the Dimer state, A =3

. 2
Time



The correlators (0f03) and (o%0%) after adding n charges from the first n

families
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Thank you for your attention!
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L

Hxxz = Z {afaj-;l + 0}0};1 + A(ofofiq — 1)}
j=1

Bethe Ansatz equations for A = cosh(n) > 1:
. . L . .

il _ (sm(Aj + 1_77/2)> -T1 sin(A; = A + in)

sin(A\j — in/2) oy sin(A\j — Ak — in)

String solutions:



Densities of roots: py ()

The number AN of k-strings with centers between X and A + AAX:
AN = Lp, k(N)AN/27.
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Densities of roots: py ()

The number AN of k-strings with centers between A and A + AX:
AN = Lp, k(N)AN/27.

Densities of holes: pp ().
They satisfy
Prk+ phk = O0k1d + d * (Phk—1 + Phk+1) 5

where
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Generating function for the expectation values:
> )\k 1

Z ( 1)| Qs,k> .

[M. Fagotti and F. H. L. Essler, 2013]

The following holds:
dx (35 + ph,s) = Gs
[B. Wouters et. al., 2015]

Therefore:
[Wo) —  Gs(A) —  phs

Prs  —  prs  —  (n|O]n)
[M. Mestyan and BP., 2014]



Important quantities:

_ pnj(N) i(A)
ni(\) = ———= = e¥
i =0




Important quantities:

prj(A) _ o5V
Prd()‘)

ni(A)

Exact solutions (at least for small j) have been derived in
o [B. Wouters et. al., 2014)
o [M. Mestyan et. al., 2014]
o [L. Piroli, E. Vernier, P. Calabrese, 2016]
@ [L. Piroli, BP, E. Vernier, to be published soon]
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Y-system: (A = cosh(n))

ni(A =+ in/2)ni(N — in/2) = (L +0—1(AN)(1 + nj+1(N))

o Holds for thermal states
o Was assumed for two-site product states
@ Does NOT hold for quenches from certain 4-site product states, such as

L/4

(Wo) = [T It144)
j=1

[L. Piroli, E. Vernier, P. Calabrese, 2016]
o Is related to the structure of overlaps

o Allows for the computation of higher n); efficiently



Surprising results in [E. llievski, E. Quinn, J-S. Caux, arXiv:1610.06911]

p ~ exp (Z / d\ ,35()\)@5()‘)> )

> )\k—l

Qs()‘ = Z

k=1

where

Qs k




Surprising results in [E. llievski, E. Quinn, J-S. Caux, arXiv:1610.06911]

p ~ exp <Z / dX IBS(A)QS(A)> ’

where
o )\k—l
Qs()\ = Z Qs k
k:l
It is derived:

ni(A + in/2ni(\ — in/2) = B (1 + 1,1 (A) (1 + njsa(N)



Surprising results in [E. llievski, E. Quinn, J-S. Caux, arXiv:1610.06911]

p ~ exp <Z/d>\ ,Bs(A)Qs()‘)> ;

where
o )\k—l
Q:(\) = Z 31 Qe
k:l
It is derived:

ni(A + in/2ni(\ — in/2) = B (1 + 1,1 (A) (1 + njsa(N)

If the Y-system holds: All 8s(\) = 0!



Solution: Truncated GGE!

There exists a series of tGGE density matrices py, N = 1... 00 such that all
local correlations evaluated using them tend to their physical values.

Ns Ny

o~ exp [ DS ANQ,;

s=1 j=1

(this is a theorem... more or less)



The (c30%) correlator, Dimer quench, A = 4, py ~ exp (ESJ 1 ﬂ(N) QS,J)

"TruncDimerD4Neq 10N4096.corr.dat” u ($0+1):2.

full GGE
ultra-local-GGE
012 | —
01 L L L L L L L
0 2 4 6 8 10 12 14




How does the proof work?
Generalized TBA for the density matrix py ~ exp (ZQ’FI BY; QSJ>

N
|Og nJN = 0j<N Z'BJIka(k) +dx (|0g(1 + 7]}\’_1) + |0g(1 + njl\-li-l))
k=1




How does the proof work?
Generalized TBA for the density matrix py ~ exp (Zgjzl ﬁngs,j)

N
log 77}" = 0j<N Zﬂﬁ’kd(k) + d x (log(1 + TIJN_l) + log(1 + 77}&1))
k=1

For the true 7; functions we can find the desired sources f; from the integrals
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We want: ¥ — n;, therefore the source terms should match
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How does the proof work?
Generalized TBA for the density matrix py ~ exp (Zgjzl ﬁngs,j)

N
log 77}" = 0j<N Zﬂﬁ’kd(k) + d x (log(1 + TIJN_l) + log(1 + 77}&1))
k=1

For the true 7; functions we can find the desired sources f; from the integrals
|Og7’]J = f, +d* (Iog(l + ’I]j,l) + |Og(1 + nj+1))

We want: nJN — 1);, therefore the source terms should match

N

> ot o 1

k=1



It works even if we leave out charges!
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062 | A -~ full GGE
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063 - A
064 . . . . . .



The Y-system relation is satisfied at each truncation:
A+ in/2)nf (8 = in/2) = (L+ 0 (V) + 12 (V)

Yet it can be broken for the limit 7; = limy_,oc 7)'!
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