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Moran modell reguláris gráfokon
Rezidens: Fittség:  1

Fittség:  rMutáns:

Link

Dinamika:

Invázió ~ fittség

Szavazó ~ 1/fittség
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Tumor sejtek megjelenése 

The function f(t) increases smoothly from 0 to a
positive constant (Eq. (4)), and we approximate it in
two limits:

f ðtÞ ¼ ru2t for small t; (6a)

f ðtÞ ¼ a for large t: (6b)

The limit f ð1Þ ¼ a is the maximum probability that a
type 2 cell emerges from a lineage that started from a
single type 1 cell at t ¼ 0: The two limits correspond to
two approximations,

v tð Þ ¼ 1$ exp $
1

2
Nru1u2t

2

! "

(7a)

and

v tð Þ ¼ 1$ exp $Nu1at½ &: (7b)

Note that both approximations overestimate the exact
probability v(t) as given in Eq. (5), because Eqs. (6a) and
(6b) exceed the exact probability f(t) as given in Eq. (4).

2.1.1. Half-time
The half time, T1/2, is defined as the time when the

probability that a type 2 cell emerged is 1
2; i.e. the time

satisfying vðT1=2Þ ¼ 1=2: From Eqs. (7a) and (7b), we
derive

T1=2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 ln 2

Nru1u2

s

(8a)

and

T1=2 ¼
ln 2

Nu1a
: (8b)

2.1.2. Fitness
The limit f ð1Þ ¼ a strongly depends on the fitness of

type 1 cells. From Eq. (3a), we have

a ¼
ffiffiffiffiffi

u2
p

when 1$
ffiffiffiffiffi

u2
p oro1þ

ffiffiffiffiffi

u2
p

ðneutralÞ; (9a)

a ¼
ru2
1$ r

when ro1$
ffiffiffiffiffi

u2
p

ðdisadvantageousÞ; (9b)

a ¼ 1$
1

r
when r41þ

ffiffiffiffiffiffi

u2
p

ðadvantageousÞ: (9c)

2.1.2.1. Neutrality:. If type 1 cells are neutral, 1$
ffiffiffiffiffi

u2
p oro1þ

ffiffiffiffiffiffi

u2;
p

we have f 1ð Þ ¼ a (
ffiffiffiffiffi

u2
p

(Eq. (9a)).
Two approximations of the half-time hold for different
limits:

T1=2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi

2 ln 2

Nu1u2

s

if N is very large; (10a)

T1=2 (
ln 2

Nu1
ffiffiffiffiffi

u2
p if N is intermediate: (10b)

Eq. (10a) shows that the half-time, T1/2, is inversely
proportional to the square root of the population
size, N. On a logN-logT1/2 plane, the half-time
appears as a straight line with slope $1

2: Eq. (10b)
shows that the half-time, T1/2, is inversely proportional
to the population size, N. On a logN-logT1/2 plane,
the half-time appears as a straight line with slope -1.
These two lines cross at the critical population size
Nc=1n 2/2u1.

In Fig. 1, the solid curve labeled B shows the half-time
calculated from probability v(t) given by Eq. (5), for
r ¼ 1: Broken curves labeled L and I are its approxima-
tions for large and intermediate N, as given by Eqs.
(10a) and (10b), respectively. The solid circles represent
the exact computer simulation of the stochastic process
as discussed in Section 2.1.3.

The solid curve representing Eq. (5) is very accurate
except for small population sizes ðNo10Þ: We derive a
formula for small N in Section 2.1.4, and a formula valid
both for small N and for intermediate N in Section 2.1.5.
Eq. (5) is closely approximated by the two straight
lines representing Eqs. (10a) and (10b). Eq. (10a) is
accurate for very large population sizes ðN4105Þ; and
Eq. (10b) is accurate for intermediate population sizes
ð102oNo104Þ:
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Fig. 1. Half-time of a TSG. The half-time is defined as the time when
the probability of having inactivated both alleles of a TSG is 1

2: A cell
with one inactivated allele is neutral, r ¼ 1: The population size, N, is
shown on the horizontal axis. The circles depict the data points of the
exact computer simulation. The solid curve labeled B is the branching
process formula Eq. (5), and the one labeled V is from Eq. (14). Three
broken curves are simplified formulas: those labeled L, I, and S are
curves for large N (Eq. (10a)), intermediate N (Eq. (10b)), and small N
(Eq. (13)), respectively.
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Általános gráfok

P[η → ηx] =
1

N

∑

y

Axy

kx

[

(1 − η(x))η(y) + (1 − s)η(x)(1 − η(y)
]

Szavazó

Diszkrét ∑

x

P [η → ηx](F [ηx] − F [ηx]) = 0

egzakt megoldás a teljes biparticiós gráfon

0 típus, fittség 1

1 típus, fittség r =
1

1 − s



Folytonos generátor reguláris gráfra

F(ρ) =
1 − (1 − s)Nρ

1 − (1 − s)N
→

1 − e
−Nρs/(1−s/2)

1 − e−Ns/(1−s/2)

G = α

[

s∂ρ +
1

N
(1 −

s

2
)∂2

ρ

]

Axy =

kxky

µ1N
Korrelálatlan gráf

G =
1

δt

∑

k

[

δρk(Fk − Bk)∂k +
(δρk)2

2
(Fk + Bk)∂2

k

]

GF = 0 megoldása
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Egyensúlyi esetben megmaradó,
hajtott esetben lassan változó
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G = ω(1 − ω)

[

s∂ω +
µ2

µ2
1
N
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Változó csere

Neff

F(ρ) =
1 − (1 − s)Neffω

1 − (1 − s)Neff

F(k) ≈



















k

Nµ1

s " 1/Neff ;

skµ1

µ2

1/Neff " s " 1 .

Szavazó

F(k) ≈



















1

Nkµ1

s " 1/N ;

s

kµ
−1

1/N " s " 1 .

F(ρ) =
1 − (1 − s)Nω

−1

1 − (1 − s)N

Invázió

véletlen diffúzió dominál, ha

és szelekció dominál, ha N > Nc

nk ∼ k
−νSkálafüggetlen gráfokra, ahol

N < Nc ∼







s−1 ν ≥ 3,

s−(ν−1)/(2ν−4) 2 < ν < 3,

e1/s1/2

ν = 2,
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Összefoglaló

- Szavazó modellben a diffúzió jelentősége megnő 

- Szavazó modellben sok kapcsolat segít a mutánsnak 

- Invázió modellben a kevés kapcsolat a kedvező 


