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A hadronanyag véges homeérsékletld fazisatalakulasai

Véges homeérsékletd QCD a kontinuumban és racson
Tiszta mértékelmélet

Véges meéret skalazas

Lee-Yang zérusok

QCD termodinamika

Véges kémiai potencial



A QCD szerint alacsony energian kvark—gluon bezaras van és
a kiralis szimmetria spontan sériul. Ha a hdmeérséklet vagy a
surdség nagy egyik sem igaz. A fazis a kvark—gluon plazma.
Indoklas:

T=0 esetén r tavolsaglu ¢gg par kozoOtt linearis potencial hat
(V(r) =o0-r), a kbztik kifesziilé6 hdar miatt.

T #= 0 esetben (h&étartalyban) a har termalisan fluktual. F(L) =
V(L) —TlogN(L). Diszkrét tér esetén a hir tekintheté g-bdl
indulé véletlen bolyongasnak N(L) ~ (2d)L/a, azaz exponencialis
L-ben. F csokken, ha T nb. T: =~ oga/log 2d esetén eltinik. Nincs
linearis potencial, nincs bezaras.

Kiralis szimm. visszaallasat I. késobb.



e A véges hOmérsékletd és kémiai potencialu QCD alapvetden
fontos

a korai Univerzumban (107> sec): nagy T, u =20

neutron csillagokban: nagy u, T'=20

nehéz ion Utkdzésekben (RHIC, GSI, LHC): nagy T, Kis u

o QCD fazis diagramok:

hadronic phase 'S

e nem-perturbativ modszer: racs QCD

0 Myg as



Kiralls szimmetria QCD-ben

spectrum: ud-kvarkok m,; ~7 MeV, s-kvark ms ~ 150 MeV
T fuggvényében tanulmanyozzuk a Kiralis szimmetriat ezen kvarkokkal

e Ny kvark izre q;, i=1,...,Nf a kiralis szimmetria:

qr;i = (1 —v5)q;/2 — ar,;Vji V € SUL(Ny)
qri = (L +5)qi/2 — qgr;Uji U € SUR(Ny)
A kvark tomeg soft sértést jelent a kiralis szimmetriara:

N _
m = Zzzfl Mg.4:9;

T=0 esetén a kiralis szimmetria spontan séril SUy r(N¢)-re
N]% — 1 Goldstone bozon van (pszeudoskalar mezon oktett)

e kiildnb6zd hatasokra vannak racs eredmények
Nagy T esetén a kiralis szimmetria nem sérul



A szimmetria rendparamétere: M(x) = qrqr. Ha ez nem zérus,
sérul a szimmetria. A helyzet hasonld egy ferromagneshez, ahol
az effektiv spin M(x), ami az iz térben spontan magnesezettséget
mutat. Magas hOmérsékleten ez eltlinik, azaz helyreall a Kiralis
szimmetria.



Véges homeérsékletd QCD a kontinuumban

Z =Tr(e” H/T) —fHdAu(a?)qu(a?)dQ(iv) exp(—S5eplas ¢, al),

1 T

Termalis étlag
(O(A, 4, D) = % [ T1dAu(2) [1dq(x)dg(z)O(A, q,7) exp(=SEe plA, 4, a))-
Periodikus (antiperiodikus) hatarfeltételek a 4. iranyban A (q,q)
eseteéen.

Perturbacioszamitas kidolgozhatd. UV véges, de IR divergens,
1gy nehezen kezelhetd. Részsorok feldsszegzésével probalkoznak.



Tiszta mértékelmeélet
A statikus kvark szabad energia és a Polyakov hurok operator

Fy jOo rendparaméter: bezaras esetén F; = oo, egyébként véges.

—H/T
exp(—Fy/T) = T’_Z?:q(“e(e_H/%)’ ahol P; x helyen levé statikus kvarkra

proicial. A statikus kvark idofejlodésébdl adodik:

Q(x) = %Tr[P expz'fol/T drAa(7,x)] faktor, ez a Polyakov hurok.
Tehat exp(—Fy/T) = (Q2(x)).

A racson n helyen véve: 2, = %Tr(]‘[ﬁgl Utntya)-

Bezaras: (€2) = 0 egyébként nem zérus.

Megadhatd a potencial is:

exp(—"") = (Q(x)Q(u)1)) .

Bezaras: F,z(r) ~ ur, egyébként allando, exp. korrekcioval.




A centrum Z(N) szimmetria

SU(N) centruma a Z(N), ez az N. egységgyokokbadl all.

Z(N) trafora Sy, invarians, és

24 — (S2pa.

Tehat a bezaras — nem bezaras fazisatmenethez tartozd szim-
metria a Z(N) és a rendparaméter a Polyakov hurok.

Erd0s csatolasu sorfejtésben kiszamolhatd a Polyakov hurok és
Zérus az eredeény.

A kontinnum limeszt a renorm csoport szerint kell venni:

Ha a racsallandd csokken — az aszimptotikus szabadsag miatt —
a csatolas is csokken. Mivel T' = 1/Nia, a hdmérséklet nd. Fix
Ns-re az erOs csatolas a legkisebb homeérséklet, a gyenge a magas
homérséklet.

Gyenge csatolas esetén a szokasos perturbacidészamitas véges
ertéket ad.

Kozben kell lenni fazisatmenetnek.



A Polyakov hurok effektiv hatas

Z = [11,, dS2ne Ser 1)

Ennek tulajdonsagai: Z(N) szimm., 3—dim. rendszer, short—
range.

Mean field analizis: S, (Q)/T = a(T)|2|°+3(T)|2*+~(T)(QN +
QY + 0(Q9).

N=2 és 4 felett masodrendl, N=3-ra elsOrendl fazisatmenet
adodik.

Persze nem megbizhatd joslat. Véges meéret skalazast kell meg-
nézni.



veges meret sKalazasl eimelet

e Monte-Carlo szimulacioknal a fazis atmenet tanulmanyozasa
problematikus
Monte-Carlo szimulaciok tiszta mértékelméletben (V = 243 . 4)
van atmenet a bezard és a felszabaditd fazisok kdzott

a Polyakov hurok gyorsan valtozik 8 kis tartomanyaban
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e elméleti joslat: SU(2) masodrendl, SU(3) elsérendi
Polyakov hurok: SU(2) szingularis hatvany, SU(3) ugras
nem latszik az adatokon



e 2 Monte-Carlo id0 torténetek problémai

els6rendli esetben 2 minimuma van F-nek (magas és alacsony
T-ja fazis)

a Szabad energiak degeneraltak 1T.-nél, ide-oda billeg "flip-flop "
az eloszlasnak 2 csdcsa van

ezt nem mindig lehet latni az adatokban
MeEg rosszabb eset: 2. rendu esetben is eldfordul:
(10 millié sweep a 4-allapotl Potts modellben 2562 racson)
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e a probléma oka

a Monte-Carlo szimulaciok mindig véges térfogatra torténnek
igazi matematikai szingularitas csak a V — oo limeszben van
véges V: a mennyiségek a csatolas analitikus fuggvényei

e fOontos tény:

a mennyiségek homeérséklet fuggése egyre inkabb
szingularis lesz nagyobb racsokon

a méret fuggés a szingularitasra jellemzo

= a kritikus tulajdonsagokat a véges méret skalazas adja
megkulonboztethetd az 1. és 2. rendu fazisatmenet
megadhatd a bezard/kirdlis atmenet rendje



Critical exponents
e d-dim spin system with o, variables and H(o) Hamiltonian
critical temperature of a second order transition: 1,
reduced temperature: (T — T.)/T. external magnetic field: h
SiX critical exponents characterize the critical behaviour
spontaneous magnetization (2 exponents):
M(t,h=0)~t3,  M@E=0,h) ~hl/
specific heat and magnetic susceptibility (1-1 exponent):
C(t,h=0) ~t ¢, x(t,h=0) ~t 7

correlation length and 2-point function at 7, (1-1 exponent)

E(t,h=0)~tY, F(r,t =0,h =0) ~ r—d4-2+n



only two of the six exponents are independent

a=2—-dv p=v(d—2+n)
v=v(2-1n) d=(@+2-n)/(d—2+mn)

e renormalization group transformation
by definition leaves the partition function Z invariant
free energy density F=log(Z)/V invariant (except for volume)

F(t,h) = b= %F(bYtt, bYnh)
= scaling laws for thermodynamic quantities

appropriate derivatives of F(t,h) with respect to t and h
e.g. magnetic susceptibility is obtained by 92/0h?

x(t.h) = 25 F (8, 1) |heo

— b2Yn— dazp(bytt W) |p—o =t~ (2yp— d)/yt 2F(1 B h—o



gives the relationship between the exponents v and y¢, vy,
the other critical exponents can be obtained similarly

a=2-d/yy PB=UW-yp)/yr = Qyp—d)/u
§=yp/(d—yp) v=1/yz n=d+2-2y,

e twO remarks:

(i) mean field theory: a«=0, =1/2, v=1, 6=3, v=1/2 and n=0
scaling relations are satisfied only in 4 dimensions

(ii) first order transitions are generally not covered by
renormalization group fixed points



Finite-size scaling for second order transitions

e free energy density for a finite size L (volume: Ld)
obtained after a renormalization group transformation

F(t, h,L) = b—%F(bYtt, bYh, L/b)
consider the magnetic susceptibility x for a finite system
(simply the the second derivative of the free energy density)
peak around the transition T, higher and sharper for larger V
x(t, h, L) = b2Yn=9x (b¥tt, bYhh, L/b)

use y¢ = 1/v and 2y, —d = v/v and set b=L and h=0

x(t,h =0,L) = LY (LY"t) ¢y (z) = x(x,h = 0,1)



e important observation:
the combination L~7/Yy(t,h = 0, L) is a universal function of the
scaling variable x = L1/v¢ independent of the system size L

e three remarks:

(i) x(t,h =0, L) is peaked in t = ¢y(x) is also peaked

(i) x(t,h =0, L) is smooth at t=0 = ¢, (x) is analytic

(iii) x(t,h=0,L — 00) ~t~ 7, thus ¢y (z) - 77 as x — Foo

X{T.L) $x)
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o let dmar height, xmar POSItion and dxmaer Width of the peak
similarly define xmaz (L), Te(L) and 6T.(L) for x(¢,h = 0, L)
scaling relation relates the characteristics of the peaks
Xmax(L) — LW/VQbmaa: Ll/y[Tc(L) — Tc]/Tc — mmaxLl/V
5TC(L)/TC — 533max
asymptotic prediction of finite-size scaling theory (L — o0)

Xmaz (L) — LY/ Te(L) —Te — L~=1/v 60T:-(L) — L—1/v

similar finite-size scaling laws for other quantities
important case: correlation length diverges linearly with L

&(t, L) = Lo (L/7t)



Finite-size scaling for first order transitions
e first order transitions: different footing (Binder 1984)

e for V = oo the free energy density is F(T,M)
for sufficiently large volumes V = L9 the probability
distribution of the magnetization is P(T, M, L) = exp[—V F (T, M)]

average values of O observables are calculated as usual
(0) = [dMO(M)P(T, M, L)/ [ dMP(T, M, L)
e Close to a first order transition:
F has two minima as a function of the magnetization M = M+

the two minima become degenerate at the transition point 1;.
the magnetization distribution has a two-peak structure



F(TM) (T M Linexp (-9 FIT, M}

% i
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{8} o grergy 88 a funciion of M {b) distribution of M

e quadratically approximating the two minima (Gaussian)
free energies and susceptibilities at the minima (F4, x+)

P(T,M, L) = exp[—V Fy(T)] exp[-V (M — My (T)?/2x4(T)]
+exp[-VF_(T)]exp[-V (M — M_(T)2/2x_(T)]



at the transition t=(7"—T,)/T.=0 the free energies coincide
Fi(T) =FoF f-t+ O(t?) My (T) = Mo+ + O(t)

X+(T) = xo+ + O(t)

e cCalculate the susceptibility as an observable in this approxi-
mation

x(T,L) =V, /XoxXo—
x (Moy — Mo_)?/(exp(V ft)/Xox + exp(=V ft),/Xo-)?

maximum is obtained for the susceptibility at the point

exp(V ft)/Xo+ = exp(—=V ft)/Xo—



e this condition gives the finite-size scaling for L — oo
Xmaz(L) — LY Moy — Mg_)?/4
To(L) — Te — L™Tc109(x0-/x04)/4f  6Te(L) — L™9T¢/f

finite-size scaling exponents: geometrically given by dimension
formal coincidence with the second order exponents:

v/v=d «a/v=d l/lv=d =y=y,=4d
In general second order exponents satisfy the bounds:
p<d yp<d=v/y<d 1l/v<d

for first order transitions the peak of the susceptibility is
sharper and narrower than for second order ones



Lee-Yang Zeros of the Partition Function

C.N. Yang and T.D. Lee, Phys. Rev. 87, 404 (1952)
e distinguish between a crossover and a 15t order PT

15t-order PT: free energy « log Z(3) non-analytic

PT appears not at finite V, but only at V — o~

Z has zeros even at finite V, at complex parameters (3)
Re(Bp), zero with smallest imaginary part: transition point

for 15t-order PT: zeros approach the real axis
1/V scaling in the V — oo limit

generates the non-analiticity of the free energy

crossover: zeros do not approach the real axis



e illustration of Lee-Yang zeros
in V — oo limit the partition function has the form

7 =T+ Zy=eViat e Vi
free-energy densities coincide at T¢: f, = fo + (T —T¢) + ...
Z = 2exp[—V (fa+ fo)(T —Tc)/2] cosh[-Va(T — T¢)]
for complex T values (controlled by 8) there are zeros of Z
Im(Tp) =m- (n—1/2)/(Va)
with integer numbers of n and Re(T') ~ T¢
1/V scaling expected V — oo limit (a depends on V)

for rapid cross-over (no phase transition scenario)
finite value is obtained in the V — oo limit



A véges méret skalazas analizis eredmények igazoltak, hogy SU(3)
esetén elsérendl, SU(2) esetén masodrendl a fazisatalakulas.

SU(3) Z(3) Potts SU(2) Z(2) Ising
~/v 3.02(14) 2.9(3) 1.93(3) 1.98(2)
1/v 2.95(12) 3.21(12)  1.54(9) 1.59(1)
B/v — — 0.545(30) 0.516(5)

a/v — 3.12(15) —




A teljes QCD-ben a Z(N) szimmetria séril, u.i. az antiperiodikus
hatarfeltétel miatt a link faktora nem olvaszthatd bele a kvark

terekbe.
SU(3) esetén nem lesz fazisatmenet elegend&en kdnnyl kvarkokra.

Viszont van kiralis fazisatmenet. A kiralis szimmetria T=0
esetén sérul, nagy T-n helyreall.



Effektiv szigma modell analizis

Az effektiv mezon tér: M;; = (qriqR;)-

A kiralis transzformaciora:

M — VIMU.

Az effektiv hatas:

L= tr(@MMT(‘)M) -+ mgt’r(MTM) + 721 /3(tr(MTM))?

+ 72g2/3(tr(MTM)?).

Ha m3 < 0 van szimmetria sértés, és a vektor rész megmarad.



QCD fazis diagramok a m, 4 — ms Sikon

szigoru és kevésbé szigoru racs és effektiv modelles vizsgalatok
szerint:
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QCD fazis diagram a u — T sikon

T\ quark gluon plasma

............ E

..............

hadronic phase

e Kiralis fazisatmenet (PT)
ng=2e mg=0p=0= 2. rendd PT
np=2 esmg =0T =0= 1. rendd PT
ny =2 &s mg = 0 = trikritikus pont (P) u, T#0
ng=3e mq=0p=0= 1. rendd PT
ha ms N0, az 1. rendd PT gyengil = cross-over
ny =2+ 1 eés fizikai mq p = 0 = cross-over
ng=2+41 és fizikai m¢g T'=0 = 1. rendd PT
ny =2+ 1 és fizikai mq = kritikus végpont (E) u, T#0



Chemical Potential on the Lattice

P. Hasenfratz and F. Karsch, Phys. Lett. B125, 308 (1983)
J. Kogut et al., Nucl. Phys. B225, 93 (1983)

e naive generalization of the free continuum prescription

(including a payayp term)
energy density quadratically divergent

e Observation: the chemical potential acts like the fourth
component of an imaginary, constant vector potential

= essentially unique solution:
multiply the timelike links by exp(£ua)

BUT!
det M becomes complex. Standard importance sampling does
not work if Re(u)>0.



Earlier lattice results for finite chemical potential

e Glasgow method
I.M. Barbour, Nucl. Phys. A642, 251 (1998)

create an ensemble at © = 0 (importance sampling) and reweight
the fermion determinant at 4 # 0 by its value at ©u =0

= overlap problem: the ensemble created at © = 0 has a

bad overlap with the true ensemble at u %= O (our main interest)

more than 20 million independent configurations on V = 2% 4%
the overlap problem for SU(3) is severe, unphysical results
premature onset transition at uc ~ my/2

e Random matrix model for the Dirac operator

M.A. Halasz et al., Phys. Rev. D58, 096007 (1998)

crude estimate, prediction can be off by a factor of 2-3
= 1p ~ 120 MeV and up =~ 700 MeV



I'he Overlap Improving Multi-parameter Reweignting

Z. Fodor, S.D.Katz Phys. Lett. B 534 (2002) 87

e generic system with ¢ fermions and ¢ bosons
fermionic Lagrangian: ¥ M (¢)y = after Grassmann integration

Z(Oz) — ngb eXp[_Sbos(aa Qb)] detM(gb, 04)
. parameter set (gauge coupling, mass, chemical potential)

include u: forward/backward links multiplied with exp(£u)
for some parameters ag importance sampling can be done

Z(a) = | Dpexp[—Spos(ap, )] det M (¢, ap)
{eXp[_SbOS(aa ¢) + Sbos(a07 ¢)] det M(¢7 CE)/ det M(¢7 040)}

first line: measure; curly bracket: observable (will be measured)
simultaneously changing several parameters: better overlap
e.g. transition configurations are mapped to transition ones



Comparison with the Glasgow Method

B, T

-y

new method

\
\
- -— ——*\
Glasgow method o .
“ transition line

vl

Glasgow New method
single parameter (u) two parameters (1 and 3)
purely hadronic transition configurations

configurations



